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Semi-Discretisation in space

= Discretise incompressible Navier—Stokes equations in space with
Finite differences, volumes or elements.

= MOL-DAE:

M 0 ul_(f\ (Al B u
00 p/) \o BT 0 p
with M ... mass matrix (regular) and A stiffness matrix

= Assumption: BT M~"B is regular
Then: MOL-DAE has differentiation index 2.

v

[
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Initial pressure

Semi-discretised problem:
Mu =f— A(u)u — Bp
B'u=0

Differentiation: BTu =0
It follows
B'u=B"M'(f—A(u)u—Bp) =0

and foru = ug and p = po

B"M~'(f— A(ug)ug) = BT M~ 'Bpg
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Properties

= problems to be solved: stiff ODEs, PDEs, DAEs

= sufficiently high order

= no order reduction for the Prothero—Robinson example
= good stability properties (at least strongly A-stable)

= adaptive timestep control without further computations
= “low” costs for the linear algebra

Examples:

= Diagonally implicit Runge—Kutta methods (special cases: Euler, CN,
FS)

= linear implicit Runge—Kutta methods (Rosenbrock—Wanner
methods)

= fully implicit Runge—Kutta methods with a regular coefficient matrix
(for example Radau-IIA methods)

29.09.2016 | Joachim Rang, Thorsten Grahs, Justin Wiegmann | Seite 5 PR
Time-adaptive methods for the incompressible Navier-Stokes equations '__' l
=



Introduction  DIRK methods  Results with OpenFOAM  Summary and Outlook

Motivating example

Llet T=1,Q0=(0,1)2and Re=1.
Exact solution of NSE:

(Y2 +x)sint, w(t x,y) = (x> —y)sint,

e fx+y—1).

ui(t, x, y)
p(t, x,y)

T= g WithN=0,1,...,8
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Example of Prothero and Robinson

with

Au(t)—o(t)+@(t), u(0)=¢(0), A=—1051t¢€ (0,1/10)

1e-08

1e-09

le-10

le-11

num. error

le-12

le-13

le-14

le-15

0.001 0.01 0.1

i Sepsize )
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Runge-Kutta-methods

Mu = F(t,u), u(0) = ug, (1)

M ... mass-matrix. Let s € N. The one-step-method

S
Mk; =F | tn+ cr un+1)_ ajk;
j=1

S
Unpy1 = Up+ TZ bik;
=1
is called s-stage Runge-Kutta-method (RK-method).
= aj, b; and ¢; ... coefficients of the method
= one nonlinear system of dimension ns
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Adaptive timestep control
= 1. RK method (order p):

Compute kyq, ..., ks

S
Upt1 = Uy + TZ bik;

i=1

‘ Compute Upp 41 und Gy 41 ‘

= 2. RK method (order p — 1): !

‘ Compute numerical error rpy, 1 ‘

s }
ﬁm+1 =u, + TZ b’_k’_ ’ Compute new stepsize T4 ‘
i=1
= TOL ... given tolerance
cont. with next Repeat ti-
= Pl-controller: timestep  and mestep  with
2 (TOL- e Tt Tt
Tmet =P — , with
Tm—1 M

Im = |[Um — Q||
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Simplifying conditions

S
Blp): > bic™' =1/k k=1,....p
i=1
S
C(q): Za,-,-c;‘_1 :c}‘/k i=1,....s,k=1,...,q,
j=1
S
D(r): Y bicf'a; =b(1—c)/k j=1,...,8k=1,...r
i=1

An RK-method with s internal stages has convergence order p, if the
simplifying conditions B(p), C(/), and D(m) with

p<min{l/l+m+1,2/+2}

are satisfied.
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DIRK methods

diagonally implicit Runge—Kutta (DIRK) method: a; = 0 for / < j and
aj#0fori=2,...,s

Advantage: "only” s nonlinear system of dimension n instead of one
nonlinear system of dimension ns

But:

= DIRK method with a1 # 0: maximal stage order 1
= DIRK method with a;1 = 0: maximal stage order 2

stiffly accurate: agi = bj, i=1,...,8, ¢cs =1

Consider only stiffly accurate methods with ¢ = 2 and vy := aj;,
i=1,...,s =— ESDIRK methods
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Studied methods

= CN: s =p=q =2, A-stable

= FS:s=4,p=2,q=1, strongly A—stable

= DIRK34L: s =4, p =3, g = 2, L-stable

= Alexander-SRK(3,2): s =4, p = 3, g = 2, L-stable (Alexander 2003)

= ESDIRKS: s =4, p = 3, g = 2, L-stable (Bijl, Carpenter, Vatsa, and
Kennedy2002)

= ESDIRK4: s =6, p =4, g = 2, L-stable (Bijl, Carpenter, Vatsa, and
Kennedy 2002)

= Kvaerno32a: s = 4, p = 3, q = 2, L-stable (Kveerng 2004)

= Kvaerno43db: s =5, p =4, g = 2, L-stable (Kveerng 2004)

= Kvaerno54b: s =7, p =5, g = 2, L-stable (Kvaerng 2004)
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Example of Prothero and Robinson

num. error

0.0001 T .
CN —+— _%
FS — - -
FS-embedded - - %- - VR
1e-06 DIRK34L - ox 1
Alexander-SRK(3,2) x-
ESDIRK3 *- i
ESDIRK% P T
L Kvaerno3?2 |
1e-08 _ K¥iemod3b -+ --
X “ Kvaerno54b —v—

le-10
le-12

le-14
§

le-16 - -

0.01

stepsize

0.1
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Numerical order of convergence

5.5 T T T -

DIRK methods

45

- -- e

num. order of convergence
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Local error

= Apply an ESDIRK method to the ODE of Prothero—Robinson
= Local error:

6T(tm+1)
=1lby +b AT (€ —ay) — 1¢m

o
+ Z {BTA_%":" — ‘I] (pf,f,()]T—k +O(tPth

k!
k=2
> T
+) BT [AHE—a) AT oy
k=2
0 k—2 (k—1) Tkil
_ BTy A[A ek — (k— ek ek T
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Order conditions

Finally we get the new order conditions
by +bTA 1 (E—ay) =1
bTA ek =1, k=2,..., P,
b' [AfE—a;)—A K8 =0, k=2,...,p
BTAfl [/’Z\f1ék7/ o (k - /)ékflf1] -0,
fork=2,...,00and /= max{1,k—p},... . k—1.
Remarks
= |f the ESDIRK method is stiffly accurate conditions the first two
conditions are automatically satisfied.
= If the ESDIRK method is consistent and satisfies C(q) the third

condition is automatically satisfied for k =2, ..., 00 and
I=max{1,k—q},..., k—1.
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New methods

Methods for index-2 DAEs

= ESDIRK32: s=4,p=2
(Williams, Burrage,
Cameron and Kerr, 2002

Methods for PR

» Skvortsov4-3:s =6, p =4 » ESDIRKPR53:s=5,p=3
(Skvortsov, 2010) » ESDIRKPR63:s=6,p=3
= Skvortsov4-4:s=6,p =4 » ESDIRKPR74:s=7,p=4

(Skvortsov, 2010)

= Skvortsov4-5:s=8,p=5
(Skvortsov, 2010)
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Example of Prothero and Robinson (A = —10°)

1e-08 T T

1e-09 |
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Numerical order of convergence

num. order of convergence

0.5

Results with OpenFOAM ~ Summary and Outlook
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Navier—Stokes equations (3rd order methods)

Exact solution:

ui(t, x, y)
uz(t, x, y)
p(t x,y)

tx+y—(t+1)/2

0.001
Fritzen
ESDIRK32 -~
ESDIRK3 - % -
1e:07 | Kvaerno32a 0.0001
ESDIRKPRS3
ESDIRKPR63
1e-05
1e-08
g £ le0s
£ 2
5 le09 H
3 £ tew
2 B
le-10 - 1e08
le-1
le-10

001
Timestep

1e-09

01
Timestep
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Navier—Stokes equations (4th order methods)

Exact solution:

velocity error

u(t,x,y) = 3y~?

w(t,x,y) = tx,
plt,x,y) = tx+y—(t+1)/2

le-06

1e-07

le-08

1e-09

le-10

le-11

le-12

le13 &

ESDIRKPRT4 -+ @-

ESDIRK4 —+— 0.0001 ESDIRKS —+—
- Skvortsovd-3 %~ -

Skvortsovd-4 - -

Skvortsovd-5 -

Kvaemod3a

1e-05

1e-06

le-07

le-08

pressure error

1e-09

le-10

le-l1 &

Technische

U
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Timestep
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2D Benchmark problem

J=(08) Domain:

inlet 0.15 m o outl et i
L @Sioim foam

Problem:

2.2m

U—Re'Au Coarsest grid:
+(u-Vju+Vp = '

V-u = 0 ‘:/I\:

boundary conditions:
u(t,0,y) =u(t 2.2, y) =0.412sin(mt/8)(6y(0.41—y),0) ms ', 0 < y < 0.41.

On all other boundaries: u =10
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Drag and lift coefficient

cq(t) = —20[(us, vg) + (VVU, Vvg) + ((u-Viu,vg) — (p, V- vg)l
c(t) = —20[(us,v)) + (vVu,Vv)) + ((u-Viu,v)) — (p, V- v/)]

drag

lift

Time
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The lift coefficient

Results with OpenFOAM  Summary and Outlook

10 T T

0.1

lift

0.001

ROS34PR

1000 10000 100000
CPU Time
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Velocity field
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Drag and lift coefficient

Lift Coefficient Benchmark 2 — Comparison coarse/fine mesh

0.4

0.3 | ESDIRKPR74  order 4 coarse
J - ESDIRKPR74 - order 4 fine -- -
S 0.2 Classical RK - order 4 coarse
% o1k Classical RK - order 4 fine
s . i
K —— : N
8 -o S el /
5 -02 T |

-0.3

-04

0 1 2 3 4 5 6 7 8

Timeins

Drag Coefficient Benchmark 2 - Comparison coarse/fine mesh

3
e T
a 25 e <
a 5 -
= =
8
s 15 -
Q 05 ol ESDIRKPR74 - order 4 coarse ————
% B o ESDIRKPR74 - order 4 fine L
[V} Classical RK - order 4 coarse o
Classical RK - order 4 fing T
—0;5 1 Il 1
1 2 3 4 5 6 7 8
Timeins
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Performance

Benchmark 2: Maximum Lift Coefficient — Error

Expl. Euler - order 1 +
RungeKutta3 — order 3
Classical RK — order 4
Curtie8 — order8 - O
Curtis10 - order 10
Impl. Euler — order 1
+ ‘CrankNicolson — order 2 - -
CN PISO - order 2 &
10 : T ESDIRK3 - order3 -+
) ESDIRKPR74 — orderd =

*

Lift Coefficient c_ — Relative Error in %

[
1
0.001 0.0001
Time step in s
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Summary and Outlook

DIRK methods have stages order <2 =  order reduction for
the Prothero—Robinson example and NSE

Error analysis for the Prothero—Robinson example —  further
order conditions

Solution of the nonlinear systems is expensive —> use linear
implicit RK methods, i.e. Rosenbrock—-Wanner methods

Again further order conditions must be satisfied to avoid order
reduction

For higher order (p > 4) fully implicit RK methods can be applied. If
the simplified Newton method and a transformation of the
coefficient matrix A is used, the linear systems split and can be
solved in parallel.
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